Microscopic nonlinear quantum theory of absorption of coherent electromagnetic radiation in doped bilayer graphene,"
Introduction
Because of the unusual properties of single-layer graphene (SG) 1,2-6 and bilayer graphene (BG), [7] [8] [9] [10] [11] [12] [13] [14] [15] the parameter of their interaction with the coherent electromagnetic (EM) radiation is very high in comparison with other systems. The latter can allow the fundamental and technological applications of multilayer graphene in nano-optoelectronics, as well as in quantum electrodynamics, low-energy physics, condensed matter physics, and more. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] The high absorption coefficient (∼10 6 cm −1 ) 30 already cleared that graphene strongly interacts with light. Hence, it is very important that because of the gapless structure of intrinsic SG and AB-stacked BG such interaction can be efficiently realized with the terahertz or midinfrared devices as highpower generator and frequency multipliers, as well as a protective material for nanodevices. 31, 32 The absorption of pump wave in nanoscale volumes is a highly desirable property for shielding materials used in nanoelectronics, the aerospace industry, where such strict requirements as lightness and smallness or tightness exist. So, such frequencies are of present interest.
What concerns the absorption of pump wave with the multiphoton stimulated bremsstrahlung (SB) is that among the wave-induced processes it is an important phenomenon of energy exchange between the charged particles and plane monochromatic wave in plasma-like media. 33 There are many papers relating the electrons elastic scattering on impurity ions in SG, with consideration mainly within the framework of perturbation theory by electrostatic potential. [34] [35] [36] [37] [38] [39] [40] [41] [42] Regarding the SB process in graphene at moderate intensities of stimulated radiation, in the case of its linear absorption by the charged chiral particles, at the present time, there are extensive investigations carried out in the scope of the linear theory, see, e.g., Refs. 43-47. Multiphoton cross-sections for SB of conduction electrons in intrinsic SG have been obtained in the Born approximation over the scattering potential in the presence of an external EM radiation field in Refs. 17 and 18. The interlayer coupling between the two graphene sheets in AB-stacked BG strongly change the monolayer's Dirac cone, inducing trigonal warping on the band dispersion and changing the topology of the Fermi surface in the low-energy region. Last changes the transport properties of the BG, 7 which theoretically studied within a self-consistent Born approximation in Ref. 9 . The rates of elastic and transport scattering on charged impurities in SG and BG are investigated experimentally and a comparison with theoretical predictions has been made in Refs. 48-53. The multiphoton rates and total cross-sections of the SB process of conductive electrons on the charged impurity ions in BG had been studied in Born approximation by scattering potential field in Ref. 54 . There was also reported about the successes on the experimental realization of multiphoton-stimulated inverse-bremsstrahlung in the terahertz range for solid material, and explained the difficulties which prevent such experiment realization 55 and references in it.
Meanwhile, the interaction of an electron with the EM wave in plasma media at the photon energy ℏω > T e is described by dimensionless intensity parameter of intensity χ 0 ¼ eE 0 ∕ ω ffiffiffiffiffiffiffiffiffiffiffiffi m e ℏω p 16 (E 0 is the wave-field strength amplitude, ω is the frequency of the wave, e and m e are the elementary charge and mass, T e is the plasma temperature). The χ 0 is the ratio of the amplitude of the momentum given by the wave field to momentum at the one-photon absorption. The intensity of the wave expressed by the parameter χ 0 can be estimated as I χ 0 ¼ χ 2 0 × 1.74 × 10 12 Wcm −2 ðℏω∕eVÞ 3 . 20 Multiphoton effects become essential at χ 0 ∼ 1, which for terahertz photons ℏω ∼ 0.01 eV corresponds to intensity I χ 0 ≃ 10 6 Wcm −2 . Meanwhile, in BG for intraband transitions, the wave-particle interaction at the photon energies ℏω > E L 23 characterizes by known dimensionless intensity parameter χ ¼ χ 0 ðm e → m Ã Þ (m Ã is an effective mass of chiral particle and E L ≃ 1 meV is the Lifshitz energy). Hence, for the realization of multiphoton SB in BG, one can expect ∼30 times smaller intensities than for SB in atoms. 19, 20, 33, [56] [57] [58] [59] In this paper, we have studied the nonlinear absorption coefficient of external EM radiation in doped BG both analytically and numerically. As a mechanism for the real absorption or emission of a plane-monochromatic wave by the charged particles (or plasma-like medium), we have assumed the SB process of conductive chiral particles scattering on the charged impurities in doped BG. We developed a microscopic quantum theory of BG nonlinear interaction with the coherent EM radiation of arbitrary polarization. With the help of the solution of Liouvillevon Neumann equation for the density matrix, we calculated the nonlinear stimulated scattering of chiral particles in BG on the Coulomb field of impurity ions at the presence of an external pump radiation, taking into account the interaction of charged carriers with the scattering potential in the Born approximation.
In Sec. 2, the quantum dynamics of SB of conductive chiral particles in BG is presented with analytical results for density matrix and inverse-bremsstrahlung absorption rates. In Sec. 3, the analytic formulas in case of screened Coulomb field of charged impurities are considered numerically. Conclusions are given in Sec. 4.
Absorption Coefficient of Coherent EM Radiation in Doped BG
We will present the quantum theory of multiphoton SB of charged carriers on an arbitrary electrostatic potential of impurity ion in doped BG at the presence of the EM radiation on the base of the density matrix. The pump wave field is considered exactly and the electrostatic scattering potential of doped ions as a perturbation. To exclude the interband transitions, we have considered high Fermi energies, and external EM wave is taken to be from terahertz to the midinfrared domain of frequencies. In this paper, the influence of multiphoton effects in SB absorption process with an external EM radiation field of moderate intensities is considered. Note that the first nonrelativistic treatment of SB in the Born approximation has been carried out analytically in the work, 33 and then this approach has been extended to the relativistic domain. 56 The pump wave was applied in the perpendicular direction to the BG sheet (XY) to omit the effect of the magnetic field. Similar calculations for a wave linearly polarized along the OX axis show qualitatively the same picture. The constant phase connected with the position of the wave pulse maximum with respect to the BG plane is set zero. We assume the radiation field to be quazimonochromatic and of the linear polarization with amplitude E 0 and frequency ω ¼ 2π∕T E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 1 1 6 ; 1 0 5
EðtÞ ¼xE 0 cos ωt:
The wave vector potential AðtÞ will have the form
The charged impurities are assumed to be at rest and either randomly or nonrandomly distributed in the doped graphene, the arbitrary form electrostatic potential field of which is described by the scalar potential E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 1 1 6 ; 6 6 4 φðrÞ ¼
where ϕ i is the potential of a single ion placed at the position R i , and N i is the number of impurity ions in the interaction region. We will consider the quantum kinetic equations for a single chiral particle density matrix for SB process investigation, which can be derived from the second quantized formalism. As a basis for single-particle wave functions, we take the approximate solution of the charged chiral particle equation in the strong EM wave field AðtÞ, and we use an even simpler model for BG AB stacked, which neglects both the electron-hole asymmetry and the trigonal warping. 8, 14, 60, 61 In accordance with the nonlinear quantum theory of BG in the mentioned case with energy window 0.002 eV ≲ ε ≲ 0.1 eV in the vicinity of Dirac points K ζ (valley quantum number ζ ¼ AE1) in the Brillouin zone, the fermion particle wave function Ψ p ðr; tÞ in the strong EM wave field may be presented in the form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 1 1 6 ; 5 0 3
Here, r ¼ fx; yg is the two-dimensional (2-D)-radius vector, parameter S is the quantization area-graphene layer surface area E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 1 1 6 ; 4 4 4
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 1 1 6 ; 3 8 7
are the time-dependent spinor wave function F pσ and the phase Ωðp; tÞ {classical action in the field [Eq.
(2)}, ϑ½p þ e c AðtÞ is the polar angle in momentum space. BG has a low-energy dispersion, which is approximated 12,61 by massive valence and conduction bands without a gap (in opposite to massless bands in SG). The quasiparticle energy EðpÞ is defined by EðpÞ ¼ σðp 2
x þ p 2 y Þ∕ð2m Ã Þ, where σ ¼ AE1 corresponds to the conduction/valence bands; m Ã ¼ γ 1 ∕ ð2v 2 F Þ, γ 1 ≃ 0.39 eV is the interlayer tunneling amplitude, and v F is the intrinsic SG Fermi velocity. For the actual parameters, the effective mass for BG is m Ã ≈ ð0.033 ÷ 0.05Þm e . The spin and the valley quantum numbers are conserved. There is no degeneracy upon the valley quantum number ζ, for the issue considered. However, since there are no intervalley transitions, the valley index can be considered as a parameter. The particle states [Eq. (4)] are normalized by the condition E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 1 1 6 ; 2 3 0
The second quantized Hamiltonian of the system can be presented in the form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 1 1 6 ; 1 7 2
The first term in Eq. (8) is the Hamiltonian of a single dressed chiral particle E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 1 1 6 ; 1 2 7
while the second term H sb ðtÞ is the interaction Hamiltonian describing the SB process in the EM field [Eq.
(2)], which can have the form
with the current density operator E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 1 1 6 ; 6 8 8ĵ
wherev ¼ ∂Ĥ∕∂p is the velocity operator,p ¼ fp x ;p y g is the electron momentum operator, g s and g v are the spin and valley degeneracy factors, respectively. Here,Ψ andĤ 0 are the field operator and the Hamiltonian of the dressed single chiral particle in doped BG, respectively. In particular, for the effective 2 × 2 Hamiltonian 8,9
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 1 1 6 ; 5 9 7Ĥ
the velocity operator in components reads E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 1 1 6 ;
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 4 ; 1 1 6 ;
Note that the simplified forms forĵ [Eq. (11) ] in doped AB-stacked BG in more general cases, taking into account the trigonal warping and induced gap were obtained in Refs. 23, 27, and 28. For the following, we will make the Fourier transform of scalar potential in Eq. (10) E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 5 ; 1 1 6 ; 4 2 4
and the interaction Hamiltonian can be expressed in the form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 6 ; 1 1 6 ; 3 6 1
where ℏq ¼ p 0 − p is the recoil momentum. Let us pass to Furry representation and present the Heisenberg field operator of the chiral particle in the form of an expansion in the quasistationary states [Eq. (4)] E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 7 ; 1 1 6 ; 2 8 1Ψ ðr; tÞ ¼ Z dΦ pâp ðtÞΨ p ðr; tÞ;
whereâ p ðtÞ andâ þ p ðtÞ are the annihilation and creation operators, respectively, for a chiral particle with momentum p, associated with positive energy (σ ¼ 1) solutions satisfy the anticommutation rules at equal times E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 8 ; 1 1 6 ; 2 0 2 fâ † p ðtÞ;â p 0 ðt 0 Þg t¼t 0 ¼
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 9 ; 1 1 6 ; 1 4 7
where dΦ p ¼ Sd 2 pdθ∕ð2πℏÞ 2 . 62 With the help of Eqs. (11)- (14) and (17), the expectation value of the current for the certain valley ζ in the case of AB-stacked BG can be written as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 0 ; 1 1 6 ; 1 0 9ĵ
We have excluded the hole operators in Eqs. (17)- (20) since the contribution of electron-holes intermediate states will be negligible for considered EM radiation intensities and Fermi energies. Taking into account anticommutation rules Eqs. (18) , (19) and Eqs. (17), (4)-(6), the second quantized Hamiltonian can be expressed in the form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 1 ; 1 1 6 ; 6 8 7
where the first term is the Hamiltonian of the wave dressed 2-D chiral particle field, and the second term, which can be expressed by the form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 2 ; 1 1 6 ; 6 2 0
is the Hamiltonian of interaction describing the SB of the chiral particle with the "quasienergy" E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 3 ; 1 1 6 ; 5 6 5 EðpÞ
Using the relations Eqs. (17), (4)-(6) for the impurity potential of the arbitrary form electrostatic potential VðqÞ, we can have the following SB amplitudes:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 4 ; 1 1 6 ; 4 9 6
In accordance with Eq. (24), the amplitude T p 0 p ðtÞ can be expressed in the following form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 5 ; 1 1 6 ; 4 1 7
where the time-dependent function E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 6 ; 1 1 6 ; 3 6 4 BðtÞ
Making a Fourier transformation of the function BðtÞ [Eq. (26)] over t, using the known relations E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 7 ; 1 1 6 ; 2 8 9 BðtÞ ¼
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 8 ; 1 1 6 ; 2 2 9B ðnÞ
we can write the SB amplitude T p 0 p ðtÞ [Eq. (24) ] as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 9 ; 1 1 6 ; 1 9 4
To present the microscopic quantum theory of the multiphoton inverse-bremsstrahlung absorption of coherent EM radiation in doped BG, we need to solve the Liouville-von Neumann equation for the density matrixρ E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 0 ; 1 1 6 ; 1 0 9
with the initial condition E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 1 ; 1 1 6 ; 7 2 3ρ ð0Þ ¼ρ g :
Before the interaction with EM wave, it is assumed that the system of doped BG quasiparticles was an ideal Fermi gas in equilibrium (thermal and chemical) with a reservoir. Thus, the density matrixρ g of the grand canonical ensemble is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 2 ; 1 1 6 ; 6 5 6ρ g ¼ exp
In Eq. (32), μ is the chemical potential, T e is the electrons temperature in energy units, and W is the grand potential. The initial single-particle density matrix in momentum space will be diagonal, and we will have the fermionic distribution E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 3 ; 1 1 6 ; 5 7 5
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 4 ; 1 1 6 ; 5 2 0
Here, TrðâbĉÞ is the trace of a product of the matrices functionsâ;b;ĉ. Within the Born approximation, we consider SB interaction Hamiltonian H sb ðtÞ as a perturbation. So, we expand the density matrix as 
The energy absorption rate of electrons due to inverse bremsstrahlung can be presented as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 7 ; 1 1 6 ; 2 6 3
It is convenient to represent the rate of inverse bremsstrahlung absorption via the mean number of absorbed photons per impurity ion, per unit time E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 8 ; 1 1 6 ; 1 9 5
where N i is the number of impurity ions in the interaction region.
Taking into account the decomposition relation E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 9 ; 1 1 6 ; 1 2 7
and making some calculations using the relations Eqs. (36)-(39), (22) , (25) , (26) for large t, we obtain
where the partial absorption rates have the following forms E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 1 ; 1 1 6 ; 6 8 4
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 2 ; 1 1 6 ; 6 1 0
The obtained expression for the absorption rate is applicable to arbitrary polarization and intensity of the pump wave. It is true for a grand canonical ensemble and positive only. The Dirac δ function expresses the quadratic dispersion law in the SB process. This parabolic dispersion E 0 ðpÞ ¼ σðp 2 x þ p 2 y Þ∕2m Ã þ nℏω applies only for small values of p satisfying p∕ℏ ≪ γ 1 ∕ðℏv F Þ and for carrier densities (or equivalently, the impurity densities) smaller than 5 × 10 12 cm −2 . In the opposite limit, p∕ℏ ≫ γ 1 ∕ðℏv F Þ and for carrier densities larger than the last, we get a linear band dispersion, ε 0 ðpÞ ¼ σℏpv F þ nℏω, just as in the case of intrinsic SG. 18 In the following, with the help of Eq. (42), one can calculate the nonlinear inverse-bremsstrahlung absorption rate for degenerate quantum plasma state-the BG chiral particles with the distribution function given by Eq. (34) .
Let us consider a coherent interaction of BG with a pump wave in the ultrafast excitation regime, which is correct only for the times t < τ min , where τ min is the minimum of all relaxation times. For the excitations of energies E ≪ γ 1 ¼ 0.39 eV, the dominant mechanism for relaxation will be electron-phonon coupling via longitudinal acoustic phonons. 63, 64 If in the low-temperature limit T e ≪ 2ðc ph ∕v F Þ ffiffiffiffiffiffiffi Eγ 1 p , where c ph ≃ 2 × 10 6 cm∕s is the velocity of the longitudinal acoustic phonon, the relaxation time for the energy level E can be estimated as 64 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 3 ; 1 1 6 ; 3 4 0
but for the present high-temperature limit T e ≫ 2ðc ph ∕v F Þ ffiffiffiffiffiffiffi Eγ 1 p , we can use the relation E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 4 ; 1 1 6 ; 2 7 7
Here, D ≃ 20 eV is the electron-phonon coupling constant, and ρ m ≃ 15 × 10 −8 g∕cm 2 is the mass density of BG. For ℏω ⪯ 0.01 eV and E ≃ μ ¼ 20ℏω at the temperatures T e ∼ 0.02 eV [when T e ≫ 2ðc ph ∕v F Þ ffiffiffiffiffiffiffi Eγ 1 p ], from Eq. (44), we obtain τ ≃ 300 ps. Thus, in this energy range, one can coherently manipulate with multiphoton transitions in BG on time scales t ¼ 20T ≾ 100 ps, not taking into account the particle-particle collisions.
Numerical Results for SB Absorption Coefficient for the Screened
Coulomb Potential of Impurity Ions in BG Now we utilize Eq. (42) in order to obtain the inverse-bremsstrahlung absorption coefficient in particular case of SB process on a screened Coulomb potential of impurity ions in BG. The consideration of the analysis of the randomness of the charged impurities' potential will be performed in further investigation. One we need to concretize the impurity ionic potential VðqÞ, using an analytic form for Coulomb screening in BG. 14, 42, 62, 65 So, the Fourier transform VðqÞ ¼ ∫ φðrÞe −iqr dr of a charged impurity center potential can be written as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 5 ; 1 1 6 ; 7 1 1
Here, the screening term ϵðqÞ (q ¼ jqj) is the 2-D finite temperature static dielectric function in random phase approximation (RPA) appropriate for BG, given by the equation 14 ,65
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 6 ; 1 1 6 ; 6 4 2
The value q s ¼ k TF ∕k F ¼ 4m Ã e 2 log 4∕ðκℏ 2 Þ (∼n −1∕2 for BG 65 ) is the 2-D Thomas-Fermi screening wave vector given by k TF
∕ℏ is 2-D Fermi wave vector in BG case; and κ is the background lattice dielectric constant of the system. The function Θðq − 2k F Þ is the step function. The functions gðqÞ and fðqÞ are defined by the equations: 65 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 7 ; 1 1 6 ; 5 5 3
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 8 ; 1 1 6 ; 4 9 4
where q ¼ q∕k F . This usual 2-D dispersion or the static screening 14 one is the particular case of the wave vector-dependent plasmon dispersion and the wave frequency-dependent screening function case. 66 The last dielectric and screening functions show very different behavior than in the intrinsic graphene case, and the creation of plasmons will be significant. Taking into account Eqs. (42) and (45) , and integrating in Eq. (41) over E 0 , we will obtain the following relation for the partial absorption rates dN abs ðnÞ∕dt of SB process 
For the consideration of numerical results, it is convenient to represent the differential crosssections of SB on the charged impurities in the form of dimensionless quantities. For the dimensionless rates TdN abs ðnÞ∕dt in the field of linearly polarized EM wave with the dimensionless vector potential AðtÞ ¼ −xχ sinð2πτÞ, we have 
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 5 1 ; 1 1 6 ; 1 8 5 jM ðnÞ p 0 p j 2 ¼
In Eq. (50), the dimensionless momentum, energy, screening vector, and time are defined as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 5 3 ; 1 1 6 ; 6 8 7
For numerical analysis of SB cross-sections in BG, the integration in Eq. (50) over scattering angles dθ p , dθ p 0 will be done by numerical calculations by the fourth-order Runge-Kutta method. We assume Fermi energy ε F ≃ μ ¼ 20ℏω (ε F ≫ ℏω), electrons temperature T e ¼ 0.1ε F , coherent EM linearly polarized radiation field with frequency in terahertz or, close to it, midinfrared (1.24 to 124 meV) for all calculations. As was mentioned in Sec. 2, the band dispersion is quadratic and only the lowest subband is occupied, 10, 11, 14 and the RPA theory applied in the density domain 10 10 cm −2 < n < 5 × 10 12 cm −2 . In particular case for a homogeneous carrier density n ¼ 10 11 cm −2 , the dimensionless effective screening vector q s defined by the equation: 65 E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 3 ; 1 1 6 ; 5 5 6 q s ¼ 54.8 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n × 10 −10 cm 2 p :
The dielectric environment constant is taken to be κ ¼ 2.5 for an impurity strength in the presence of the SiO 2 substrate. 67 To reveal the peculiarities that can be associated with the chiral nature of BG and its parabolic dispersion, the comparison with the SG case has been made.
The envelope of the partial rate of inverse-bremsstrahlung absorption in doped BG is shown for different wave intensities in Figs. 1-4 
and ε ¼ 0.001 eV (λ ¼ 0.124 cm), respectively. As was expected, the results substantially depend on coherent radiation frequency and intensity: I χ ¼ χ 2 × 6 × 10 10 Wcm −2 ðℏω∕eVÞ 3 . As it is seen from these figures, the multiphoton effects become essential already at moderate radiation intensities (with intensity parameter χ ¼ 0.5). With the increase of coherent radiation intensity, the contribution of the multiphoton absorption processes becomes larger than the onephoton SB. The maximal multiphoton cut-off number is achieved at E þ n ∼ 35 at the intensity parameter χ ¼ 2 for the considering frequencies of the pump wave. Cut-off value increases at the increase of the intensity at fixed wave frequency in accordance with the parabolic dispersion of the AB-stacked BG. In comparison with the doped intrinsic SG, 18 where for the same interaction parameters one has a single maximum case, we can note that the envelopes of the partial rate of inverse bremsstrahlung absorption have many characteristic maxima (minima) in the doped BG. From the comparison of Figs. 1-4 , we can conclude that the partial rate of the absorption process in doped BG increases with the increase of the photon energy at the fixed parameter χ of the pump wave intensity or with the increase of χ at the fixed photon energy. The numerical results allow demonstrating the dependence of the inverse bremsstrahlung absorption rate on the coherent radiation intensity. So, in Fig. 5 , the total SB rate [Eq. (40) ] via the mean number of absorbed photons per impurity ion, per unit time in doped graphene versus the parameter χ for various photon energies is presented. In Fig. 6 , we plot the scaled absorption rate χ −2 dN abs ∕dt versus the intensity parameter χ. Figure 6 shows that almost for all considered photon energies the scaled SB rate is constant, which means that even for intense radiation when the multiphoton effects are essential, the absorption rate is proportional to wave intensity. The latter means that with the increase of the wave intensity, we approach to a quasiclassical regime of interaction: E 0 − E ≫ ℏω and E 0 − E ∼ χ 2 . For from terahertz to the midinfrared photons (wavelengths from 30 μm to 3 mm), the multiphoton interaction mode in BG can be achieved at intensities I χ ∼ 10 − 10 5 Wcm −2 , which are available in the present. 68 Thus, for these intensities of the strong coherent radiation field, one can manipulate with the dressed charged carriers transport properties of doped BG by the mechanism of multiphoton SB absorption.
Conclusion
The microscopic quantum theory of multiphoton SB absorption in doped BG (AB stacked) in the coherent strong EM radiation of arbitrary intensity has been presented. The taken from the terahertz to midinfrared frequencies and Fermi energies have allowed excluding the chiral particles' interband transitions. We have solved the Liouville-von Neumann equation for the density matrix. The external wave-field has been taken exactly. The charged impurity ions arbitrary electrostatic potential is considered in the Born approximation. These solutions for SB at the linear polarization of EM wave are used for the derivation of a relatively simple formula for the multiphoton SB absorption rate. The chiral fermions in doped BG are represented by the grand canonical ensemble. The obtained analytical formulas have been analyzed numerically for screened Coulomb potential. The obtained results have an essentially nonlinear dependence on the increase of the wave intensity. In comparison with the SG case, the new behavior has been demonstrated, which may be associated with its parabolic energy dispersion. In particular, there are many characteristic maxima (minima) of the envelopes of the partial rate of inverse bremsstrahlung absorption in a case of the doped BG. The multiphoton absorption or emission processes play a significant role already at moderate pump wave intensities I χ ∼ 10 4 Wcm −2 .
The requirement of high intensity in the terahertz regime does not preclude the use of standard terahertz lasers, which are available. 69 Especially of interest is the midinfrared frequencies' range, where quantum cascade lasers 70 are readily available and can provide higher powers. So, for such intensities, the multiphoton SB process opens new channels for the wave absorption.
It is shown that one can achieve the efficient absorption coefficient by the SB process for pump wave frequencies in considering domain. 
